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Abstract: Nonrelativistic string theory is described by a sigma model with a relativistic
worldsheet and a nonrelativistic target spacetime geometry, that is called string Newton-
Cartan geometry. In this paper we obtain string Newton-Cartan geometry as a limit
of the Riemannian geometry of General Relativity with a fluxless two-form field. We
then apply the same limit to relativistic string theory in curved background fields and
show that it leads to nonrelativistic string theory in a string Newton-Cartan geometry
coupled to a Kalb-Ramond and dilaton field background. Finally, we use our limiting
procedure to study the spacetime equations of motion and the T-duality transformations
of nonrelativistic string theory. Our results reproduce the recent studies of beta-functions
and T-duality of nonrelativistic string theory obtained from the microscopic worldsheet
definition of nonrelativistic string theory.
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1. Introduction
Formulating a self-consistent theory of quantum gravity is perhaps one of the most out-
standing problems in modern theoretical physics. String theory provides a quantum frame-
work that successfully incorporates massless spin-two degrees of freedom and in which fun-
damental questions on quantum gravity can be addressed. While string theory is reasonably
well understood as a perturbative theory, a proper comprehension of its non-perturbative
aspects is however still lacking. In this regard, it is useful to study limits in which string
– 1 –
theory is considerably simplified, as such studies can give further hints about what the full
non-perturbative formulation of string theory looks like.
One such limit was introduced in [1–3], which was then formulated by Gomis and
Ooguri in [4] as a two-dimensional quantum field theory that is consistent, unitary and
ultra-violet complete and that was dubbed nonrelativistic string theory. 1 This theory
contains extra worldsheet one-forms beyond the usual worldsheet fields that correspond to
coordinates on the target spacetime. The inclusion of these one-forms in [4] endows the
target spacetime of dimension d with a foliation structure, that splits the spacetime into a
two-dimensional longitudinal and a (d−2)-dimensional transverse sector. Such a spacetime
is characterized by a type of boost symmetries, called string-Galilean boosts, under which
the d − 2 transverse directions are transformed into the two longitudinal directions, but
not vice versa. The associated string spectrum is nonrelativistic and invariant under these
string-Galilean boosts. The spacetime geometry of nonrelativistic string theory was studied
in a series of papers [6–9] and was argued more recently in [10] to correspond to the so-called
string Newton-Cartan geometry.2
In this paper, we start with a detailed study of how string Newton-Cartan geometry
appears as a nonrelativistic limit of the Riemannian geometry of General Relativity (GR)
with a fluxless two-form field. Two features of this limit are worth pointing out. First,
there is an ambiguity that appears when taking this limit: different limits parametrized
by arbitrary functions lead to the same string Newton-Cartan geometry. This ambiguity
will play an important role in applications to nonrelativistic string theory later in this
paper. Secondly, while it is well-known that in GR all components of the spin connection
can be determined in terms of Vielbeine as solutions of zero torsion constraints, this is no
longer true after taking the nonrelativistic limit. Indeed, we will see that the limit of the
zero torsion constraints of GR leads to zero torsion constraints for string Newton-Cartan
geometry that leave some components of the spin connections undetermined.3
With the sharpened understanding of string Newton-Cartan gravity, we then consider
nonrelativistic string theory as a zero slope, near critical electric field limit of relativistic
string theory in curved backgrounds with a Kalb-Ramond and dilaton field.4 This limit is
closely related to the noncommutative open string (NCOS) limit [3]. Intriguingly, unlike
the situation in relativistic string theory, one finds that the background fields that appear
in the nonrelativistic string action are only defined up to Stu¨ckelberg-type of symmetries,
1See also [5].
2For other recent work on nonrelativistic strings, see [11–21]. In [14, 15, 17], for zero torsion, a specific
truncation of string Newton-Cartan gravity in the target space was considered, which leads to Newton-
Cartan gravity in one dimension lower, supplemented with an extra worldsheet scalar parametrizing the
spatial foliation direction. A more thorough examination of this relation has been put forward in [22].
3The same phenomenon has appeared in [23], where an action was constructed for a four-dimensional
string Newton-Cartan gravity theory, that gives dynamics to an extended version of string Newton-Cartan
geometry. In this theory, there are also undetermined spin connection components in the second order
formalism, and these play the role of Lagrange multipliers that impose some of the components of the
foliation constraints of string Newton-Cartan geometry. In general, this type of unconstrained spin connec-
tions usually appears as auxiliary fields in the spacetime formalism and does not show up in the worldsheet
formalism.
4See also [6].
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when including a Kalb-Ramond and dilaton field [10]. These Stu¨ckelberg symmetries are
related to the fact that different limits parametrized by arbitrary functions lead to the
same string Newton-Cartan gravity, as mentioned previously.
We then consider two applications of the techniques developed in this paper: one to
spacetime equations of motion and one to T-duality transformations in nonrelativistic string
theory. First, we apply the limiting procedure to the one-loop beta-functions in relativistic
string theory. Setting the resulting beta-functions to zero, we derive the equations of motion
that dictate the backgrounds on which nonrelativistic string theory can be consistently
defined quantum mechanically. These equations of motion agree with the ones found in [24],
where the quantum Weyl invariance of vertex operators in nonrelativistic string theory has
been studied and where the same set of equations of motion has been derived in an intrinsic
manner. 5 Secondly, in [10], it was proven that T-duality along a longitudinal spatial
isometry in string Newton-Cartan geometry gives relativistic string theory on a Lorentzian
background with a compact lightlike isometry. This relation establishes a first principles
definition of string theory in the discrete light cone quantization (DLCQ), a prevailing
approach to nonperturbative string/M-theory that provided the conjecture stating the
equivalence of M-theory in DLCQ and Matrix theory [26–28]. In this paper, we will show
that the same T-duality transformations also arise as a limit of the Buscher rules [29, 30]
in relativistic string theory.
This paper is organized as follows. First, in §2, we briefly present the original nonrel-
ativistic string theory in flat spacetime with a special emphasis on the different symmetry
algebras that will occur in the rest of this paper. Next, in §3, we focus on obtaining string
Newton-Cartan geometry and its underlying local spacetime symmetries via a nonrelativis-
tic limit of the Riemannian geometry of GR with a fluxless two-form field. In §4, we study
nonrelativistic string theory as a limit of relativistic string theory and we discuss the cou-
pling of string Newton-Cartan geometry to nonrelativistic string theory. We will then focus
on two special topics: the spacetime equations of motion and nonrelativistic T-duality in
nonrelativistic string theory. Finally, we give our conclusions in §5. In the appendices, we
present useful results regarding the algebra of global spacetime symmetries of nonrelativis-
tic string theory in flat spacetime. We also discuss the gauging of the subalgebra of these
flat spacetime symmetries that remains as a symmetry algebra of the nonrelativistic string
action, as an alternative way of constructing string Newton-Cartan geometry.
2. Nonrelativistic String Theory in Flat Spacetime
One purpose of this paper is to give an overview of string Newton-Cartan geometry and its
role in nonrelativistic string theory thereby reviewing some old results as well as providing
several new insights. In this introductory section, we give a brief review of nonrelativistic
string theory in flat spacetime and its global target spacetime symmetries.
Nonrelativistic string theory is described by a two-dimensional sigma model defined
on a Riemann surface Σ , parametrized by σα , α = 0, 1 . For now, we apply the conformal
gauge and thus take the Riemann surface to be flat with metric ηαβ = diag(−1, 1). The
5For a study of Weyl invariance of the sigma model in a torsional Newton-Cartan background, see [25].
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worldsheet fields of nonrelativistic string theory consist of worldsheet scalars parametrizing
the spacetime coordinates xµ , µ = 0, 1, · · · , d−1 and two one-form fields on the worldsheet,
which we denote by λ and λ . We take the decomposition xµ = (xA, xA
′
) , with A = 0, 1
and A′ = 2, · · · , d − 1 . The nonrelativistic string theory action in flat spacetime is then
given by the following sigma model action [4, 10]
Sflat = − 1
4πα′
∫
d2σ
(
∂xA
′
∂xB
′
δA′B′ + λ∂X + λ∂X
)
, (2.1)
where α′ is the Regge slope, that determines the string tension T via
T =
1
2πα′
. (2.2)
In (2.1), we introduced spacetime light-cone coordinates
X = x0 + x1 , X = x0 − x1 , (2.3)
as well as light-cone coordinates on the worldsheet such that
∂ =
∂
∂σ0
+
∂
∂σ1
, ∂ = − ∂
∂σ0
+
∂
∂σ1
. (2.4)
The one-form fields λ and λ appear in Sflat as Lagrange multipliers, that impose that X
(resp. X) is holomorphic (resp. anti-holomorphic):
∂X = ∂X = 0 . (2.5)
Similarly, we also have that λ (resp. λ) are holomorphic (resp. anti-holomorphic) as a
consequence of the equations of motion of X and X :
∂λ = ∂λ = 0 . (2.6)
Following [11], it turns out that the action (2.1) is invariant under an infinite number
of spacetime symmetries, with (anti-)holomorphic parameters f(X), f(X), gA′(X), gA′(X)
and constant parameters ΛA
′
B′ , given by
6
δxA
′
= gA
′
(X) + gA
′
(X)− ΛA′B′xB′ , (2.7a)
δX = f(X) , δλ = −λ f ′(X)− 2 g′A′(X) ∂xA
′
, (2.7b)
δX = f(X) , δλ = −λ f ′(X)− 2 g′A′(X) ∂xA
′
, (2.7c)
where we have defined
f ′(X) =
∂f
∂X
, f
′
(X) =
∂f
∂X
, g′A′(X) =
∂gA′
∂X
, g′A′(X) =
∂gA′
∂X
. (2.8)
The algebra that these symmetries satisfy is derived in Appendix A. Later in this pa-
per, we will use a limiting procedure to construct the Polyakov action for nonrelativistic
6We would like to thank Joaquim Gomis for bringing our attention to the extended Galilean symmetries
in [11].
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string theory coupled to background fields corresponding to a curved string Newton-Cartan
geometry and a Kalb-Ramond and dilaton field. A finite subset of symmetries of this
infinite-dimensional algebra will then be realized as sigma model symmetries acting on
the background fields. The algebra of this finite subset will be referred to as the string
Newton-Cartan algebra; it is an extension of the algebra introduced in [7, 9], that we now
refer to as the string Bargmann algebra. Historically, the string Bargmann algebra was first
introduced as the symmetry algebra underlying nonrelativistic string theory. However, it
turns out that the correct symmetry algebra is the string Newton-Cartan algebra [17].
Details on the embedding of these two algebras in the infinite-dimensional algebra can be
found in Appendix A, while appendices B and C are concerned with their gauging as an
alternative way of constructing string Newton-Cartan geometry.
3. String Newton-Cartan Geometry as a Limit of General Relativity
In this section, we show how string Newton-Cartan geometry arises when considering a
special nonrelativistic limit of General Relativity in the first-order formalism and use this
to discuss various aspects of string Newton-Cartan geometry and its underlying local sym-
metries. Its coupling to the nonrelativistic string and other string-theory related aspects
will be discussed in the next section.
3.1. Elements of General Relativity
We will start from GR in the Vierbein description, i.e. we will consider a Vierbein field
Eˆµ
Aˆ , with Aˆ = 0 , 1 , · · · , d− 1 , whose inverse is denoted by Eˆµ
Aˆ
:
Eˆµ
AˆEˆµ
Bˆ
= δAˆ
Bˆ
, Eˆµ
AˆEˆν
Aˆ
= δνµ . (3.1)
In order to define a limit that leads to string Newton-Cartan geometry, we will add a
two-form gauge field Mˆµν to the field content. This two-form gauge field is auxiliary in the
sense that we constrain it to have zero curvature
∂[µMˆνρ] = 0 , (3.2)
so that it does not describe any propagating degrees of freedom. The above fields trans-
form under Lorentz transformations, with parameters Λˆ
AˆBˆ
= −Λˆ
BˆAˆ
, and gauge transfor-
mations, with parameters ηˆµ , as follows:
δEˆµ
Aˆ = ΛˆAˆ
Bˆ
Eˆµ
Bˆ , δMˆµν = ∂µηˆν − ∂ν ηˆµ . (3.3)
We furthermore declare that all gauge fields transform as covariant vectors under diffeo-
morphisms with parameters ξˆµ.7
7Alternatively, the diffeomorphisms can be introduced in a gauging procedure of the Poincare´ algebra.
In that case, the Vierbein is considered as a gauge field for translations parametrized by ΞˆAˆ . Once the
torsionlessness constraint (3.5) is imposed, diffeomorphisms with parameters ξˆµ can be expressed as a
combination of translations with parameters ΞˆAˆ ≡ ξˆµEˆµ
Aˆ and other symmetries of the theory.
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The Vierbein formulation of GR also includes the spin connection Ωˆµ
AˆBˆ , that is a
gauge connection for local Lorentz transformations and thus transforms as follows
δΩˆµ
AˆBˆ = ∂µΛˆ
AˆBˆ − 2ΩˆµCˆ[Aˆ ΛˆBˆ]Cˆ , (3.4)
under local Lorentz transformations. In the second order formulation, the spin connection
is not an independent gauge field. Instead, it depends on the Vierbein in such a way that
the zero torsion constraint
∂[µEˆν]
Aˆ − Ωˆ[µAˆBˆEˆν]Bˆ = 0 , (3.5)
is identically satisfied. Solving (3.5) for Ωˆµ
AˆBˆ leads to the following expression 8
Ωˆµ
AˆBˆ = −2Eˆµ[AˆBˆ] + EˆµCˆEˆAˆBˆCˆ . (3.6)
Here, we defined
Eˆµν
Aˆ ≡ ∂[µEˆν]Aˆ , (3.7)
and we turned curved µ-indices into flat Aˆ-indices by contracting them with (inverse)
Vielbeine, as in e.g.
Eˆ
µAˆ
Bˆ ≡ Eˆν
Aˆ
Eˆµν
Bˆ . (3.8)
The curvature two-form of Ωˆµ
AˆBˆ is defined as
Rˆµν
AˆBˆ(Ωˆ) = 2
(
∂[µΩˆν]
AˆBˆ + Ωˆ[µ
AˆCˆ Ωˆν]
Bˆ
Cˆ
)
. (3.9)
The usual Levi-Civita connection Γˆρµν and associated Riemann curvature tensor Rˆ
ρ
σµν(Γˆ)
can then be expressed in terms of the Vierbein and spin-connection as
Γˆρµν = Eˆ
ρ
Aˆ
[
∂(µEˆν)
Aˆ − Ωˆ(µAˆBˆEˆν)Bˆ
]
, (3.10)
and
Rˆρσµν(Γˆ) = −EˆρAˆEˆσBˆRˆµνAˆBˆ . (3.11)
3.2. String Newton-Cartan Geometry from General Relativity
In this subsection, we will consider a nonrelativistic limit of the kinematical structure and
transformation rules (3.3) of GR that will lead to string Newton-Cartan geometry. In
order to do this, we expand the relativistic fields Eˆµ
Aˆ and Mˆµν in terms of the fields that
will soon define string Newton-Cartan geometry 9. Introducing the speed of light c, these
expressions are given by 10
Eˆµ
A = Xµ
A +
1
c
mµ
A , Eˆµ
A′ = Eµ
A′ , (3.12a)
Mˆµν = −XµAXνB ǫAB with XµA = c τµA − 1
c
Cµ
A , (3.12b)
8Note that later, we will take the limit in the curvature constraint (3.5) with an independent spin-
connection field and not in the solution (3.6) where the spin-connetion is dependent. Equivalently, one may
also take the same limit directly in the second-order formalism.
9Note that only after taking the limit c → ∞ , the fields at the r.h.s. of (3.12) may be identified with
the fields of string Newton-Cartan geometry.
10We use the convention that ǫ01 = 1.
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where we have split the index Aˆ in a longitudinal index A = 0, 1 and a transversal one
A′ = 2, · · · , d − 1. In (3.12), τµA, EµA′ and mµA correspond to the independent fields
that will define string Newton-Cartan geometry; in particular, τµ
A and Eµ
A′ will play the
role of the longitudinal and transverse Vielbein fields, respectively. The Cµ
A are arbitrary
functions, that will not show up in the geometrical objects of the string Newton-Cartan
geometry, that will originate from the limiting procedure. They will however play an
important role in the formulation of nonrelativistic string theory later in this paper.11
Later in this section, we will show that not all components of the spin connections are
dependent. However, the independent components do not appear in the nonrelativistic
string action and drop out in the expressions for the β-functions.
Applying the expansions in (3.12) to (3.1), and then taking the c→∞ limit, we find
the following projective invertibility conditions on τµ
A and Eµ
A′ ,
τµAτµ
B = δBA , τµ
AτνA + Eµ
A′EνA′ = δ
ν
µ , (3.13a)
Eµ
A′EµB′ = δ
A′
B′ , τ
µ
AEµ
A′ = EµA′τµ
A = 0 . (3.13b)
We also adopt the following expansions of the independent spin connection components,
Ωˆµ
AB =
(
Ωµ +
1
c2
nµ
)
ǫAB +O(c−4) , (3.14a)
Ωˆµ
AA′ =
1
c
Ωµ
AA′ +O(c−3) , (3.14b)
Ωˆµ
A′B′ = Ωµ
A′B′ +O(c−2) , (3.14c)
as well as similar expansions of the curvature two-form components,
Rˆµν
AB = Rµν(M) ǫ
AB +O(c−2) , (3.15a)
Rˆµν
AA′ =
1
c
Rµν
AA′(G) +O(c−3) , (3.15b)
Rˆµν
A′B′ = Rµν
A′B′(J) +O(c−2) . (3.15c)
Here, we introduced a gauge field nµ to parametrize the O(c
−2) term in the expansion of
Ωˆµ
AB in (3.14). After taking the c → ∞ limit, nµ will drop out in the resulting string
Newton-Cartan geometry. The curvature two-forms Rµν(M) , Rµν
AA′(G) and Rµν
A′B′(J)
will turn out to be associated with the longitudinal Lorentz rotation generatorM , the boost
generator GAA′ and the transverse rotation generator JA′B′ , respectively. Their expressions
in terms of the spin connections will be derived later in (3.28).
In order to obtain a well-defined limit, we have not made the most general expansion
of the Mˆµν field up to some order of c but instead we have taken a very specific one. The
11More precisely, the presence of the arbitrary function is related to the fact that the nonrelativistic
background fields are determined by equivalence classes only. In [19, 31], the expansion of (3.12) and the
c → ∞ limit in nonrelativistic string theory was studied, but only for a fixed element of the equivalence
class, i.e. for a fixed expression for Cµ
A given by Cµ
A = 1
2
mµ
A . See also [32] for the Newton-Cartan case.
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above expansions imply the following ones for the inverse Vierbein fields EµA:
EˆµA =
1
c
τµA − 1
c3
τµB
(
mν
B − CνB
)
τνA + O(c
−5) , (3.16a)
EˆµA′ = E
µ
A′ − 1
c2
τµA
(
mν
A − CνA
)
EνA′ + O(c
−4) . (3.16b)
Plugging (3.12) and (3.14) into the torsionlessness constraint (3.5), we derive the fol-
lowing expansions in c :
cRµν
A(H) +
1
c
(
Rµν
A(Z)− 2CµνA
)
+O(c−3) = 0 , (3.17a)
Rµν
A′(P ) +O(c−2) = 0 , (3.17b)
where Rµν
A(H) , Rµν
A′(P ) and Rµν
A(Z) are associated with the longitudinal (resp. trans-
verse) translational generator HA (resp. PA′) and an noncentral extension in the string
Newton-Cartan algebra, respectively. They are formally defined as in the first three equa-
tions of (B.8), which we repeat here,
Rµν
A(H) = 2
(
∂[µτν]
A + ǫABτ[µ
BΩν]
)
, (3.18a)
Rµν
A′(P ) = 2
(
∂[µEν]
A′ + E[µ
B′Ων]
A′
B′ − τ[µAΩν]AA
′)
, (3.18b)
Rµν
A(Z) = 2
(
∂[µmν]
A + ǫABm[µ
BΩν] + τ[µ
Bnν]ǫ
A
B + E[µ
A′Ων]
A
A′
)
. (3.18c)
We have also defined
Cµν
A ≡ ∂[µCν]A + ǫAB C[µBΩν] . (3.19)
Furthermore, from the zero curvature constraint ∂[µMˆνρ] = 0 in (3.2), we obtain
0 = X[µ
A∂νXρ]
BǫAB
= 12ǫAB
{
c2 τ[µ
ARνρ]
B(H)− [C[µARνρ]B(H) + 2τ[µACνρ]B]
}
+O(c−2) . (3.20)
Using (3.17a) to solve for Rµν
A(H) in (3.20) and then taking the c→∞ limit, we obtain 12
ǫAB τ[µ
ARνρ]
B(Z) = 0 . (3.21)
In components, (3.21) is equivalent to the equations
RA′A
A(Z) = RA′B′
A(Z) = 0 , (3.22)
Here and in the following, we use the nonrelativistic analogue of turning curved indices µ
into flat indices A, A′, by which one replaces a curved spacetime index µ that is contracted
with the curved spacetime index of an inverse Vielbein field by the flat index of this inverse
Vielbein field. For example,
RA′A
B(Z) ≡ EµA′τνARµνB(Z) . (3.23)
12Note that the limiting procedure does not allow us to set the full curvature Rµν
A(Z) equal to zero.
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Taking the c→∞ limit also in (3.17), we obtain
Rµν
A(H) = Rµν
A′(P ) = 0 . (3.24)
Note that neither of the constraints (3.22) and (3.24) depends on the gauge field nµ nor
the functions Cµ
A . Using these constraints, we can solve for all the components in the
spin connections Ωµ , Ωµ
A′B′ as well as Ω˜µ
AA′ , with
Ω˜µ
AA′ ≡ ΩµAA′ − τµBWBAA′ . (3.25)
Here, WAB
A′ correspond to components of Ωµ
AA′ that remain unconstrained and indepen-
dent13. Explicitly, they correspond to the following part of Ωµ
AA′ :
WAB
A′ ≡ Ω(AB)A
′ − 1
2
ηAB ΩC
CA′ = RA′(AB)(Z)− 2
[
mA′(AB) − 12ηABmA′CC
]
. (3.26)
In terms of the independent fields τµ
A , Eµ
A′ , mµ
A and WAB
A′ , we find that
Ωµ = ǫ
AB
(
τµAB − 12τµCτABC
)
, (3.27a)
Ωµ
A′B′ = −2Eµ[A
′B′] + Eµ
C′EA
′B′
C′ + τµ
AmA
′B′
A , (3.27b)
Ωµ
AA′ = −EµAA
′
+ EµB′E
AA′B′ +mµ
A′A + τµBm
AA′B
+ 2τµB
[
mA
′(AB) − 12ηABmA
′C
C
]
+ τµ
BWB
AA′ . (3.27c)
For details on how to solve the curvature constraints to obtain the results of (3.27), we
refer to Appendix C (see also Appendix B).
Next, we consider the c→∞ limit of the curvature two-form in (3.9). Plugging (3.14)
into (3.9) and comparing with the expansions made in (3.15), we see that the c→∞ limit
gives rise to
Rµν(M) = 2∂[µΩν] , (3.28a)
Rµν
A′B′(J) = 2
(
∂[µΩν]
A′B′ +Ω[µ
A′C′Ων]
B′
C′
)
, (3.28b)
Rµν
AA′(G) = 2
(
∂[µΩν]
AA′ + ǫABΩ[µ
BA′Ων] +Ω[µ
AB′Ων]
A′
B′
)
. (3.28c)
These expressions are in form the same as the ones in (B.8). Using (3.27), both Rµν(M)
and Rµν
A′B′(J) can be written in terms of τµ
A , Eµ
A′ and mµ
A , with no dependence on
WABA′ ; however, Rµν
AA′(G) contains a WABA′ dependence, namely,
Rµν
AA′(G) = 2
(
∂[µΩ˜ν]
AA′ + ǫABΩ˜[µ
BA′Ων] + Ω˜[µ
AB′Ων]
A′
B′
)
− 2 ηBC τ[µB
(
∂ν]W
ACA′ − Ων]A
′
B′W
ACB′ + 2Ων] ǫD
(AWC)DA
′
)
. (3.29)
13See similar discussions in [23], in which a closely related c → ∞ limit is applied to the first-order
Einstein-Hilbert action in four dimensions to derive an action for the extended string Newton-Cartan
gravity. After taking the limit and going to the second-order formalism, it is found that WAB
A′ remains
independent while all other components of the spin connections become dependent.
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Next, taking the large c expansion of the connection in (3.10), we obtain
Γˆρµν = Γ
ρ
µν +O(c
−2) , (3.30)
with Γρµν defined by
Γρµν ≡ τρA
[
∂(µτν)
A − ǫABΩ(µτν)B
]
+ EρA′
[
∂(µEν)
A′ − Ω(µA
′B′Eν)B′ + Ω˜(µ
AA′τν)A
]
+ EρA′τµ
Aτν
BWAB
A′ . (3.31)
The associated Riemann tensor can also be derived from the large c limit of (3.11),
Rˆρσµν(Γˆ) = R
ρ
σµν(Γ) +O(c
−2) , (3.32)
where
Rρσµν(Γ) = ∂µΓ
ρ
σν − ∂νΓρσµ + ΓρµλΓλσν − ΓρνλΓλµσ
= −τρAτσBRµνAB(M) + EρA′τσARµνAA′(G)− EρA′EσB′RµνA′B′(J) . (3.33)
which contains the following dependence on WABA′ :
Rρσµν(Γ) ⊃ −2EρA′τσAτ[µB
(
∂ν]WAB
A′ − Ων]A
′B′WABB′ + 2Ων] ǫ
C
(AWB)C
A′
)
. (3.34)
3.3. Nonrelativistic Gauge Symmetries
The various string Newton-Cartan gauge fields that appeared in the limit of the relativistic
Vielbein and spin connection transform under gauge symmetries. These gauge transforma-
tions can also be obtained as a limit. In order to do this, we define the following expansions
of the relativistic parameters Λˆ
AˆBˆ
and ηˆµ:
ΛˆAB =
(
Λ +
1
c2
σ
)
ǫAB , ΛˆAA′ =
1
c
ΛAA′ , (3.35a)
ΛˆA′B′ = ΛA′B′ , ηˆµ = −1
c
Xµ
AσBǫAB . (3.35b)
The parameters Λ, ΛAA′ , ΛA′B′ , σA that appear in these expansions will then correspond to
part of the parameters of the gauge transformations of the string Newton-Cartan fields, as
we will now show. We also introduced σ to parametrize the O(c−2) term in the expansion
of ΛˆAB , which will drop out after we take the c→∞ limit.
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From (3.12), (3.14) and (3.35), it follows that
δXµ
A +
1
c
δmµ
A = Λ ǫABXµ
B
+
1
c
(
Λ ǫABmµ
B + ΛAA
′
EµA′ + ǫ
A
B τµ
Bσ
)
+O(c−3) , (3.36a)
δEµ
A′ = −ΛAA′τµA + ΛA′B′EµB′ +O(c−2) , (3.36b)
ǫABX[µ
AδXν]
B = −ǫAB τ[µA
(
∂ν]σ
B − Ων]ǫBC σC
)
+O(c−2) , (3.36c)
δΩµ
A′B′ = ∂µΛ
A′B′ + 2ΛC
′[A′Ωµ
B′]
C′ +O(c
−2) , (3.36d)
δΩµ +
1
c2
δnµ = ∂µΛ +
1
c2
(
∂µσ + ǫABΛ
AA′Ωµ
B
A′
)
+O(c−4) , (3.36e)
1
c
δΩµ
AA′ =
1
c
(
∂µΛ
AA′ + Λ ǫABΩµ
BA′ − ǫABΛBA′Ωµ
+ ΛA
′
B′Ωµ
AB′ − ΛAB′ΩµA′B′
)
+O(c−3) . (3.36f)
In the c→∞ limit, we obtain 14
δτµ
A = Λ ǫAB τµ
B , δEµ
A′ = −ΛAA′τµA + ΛA′B′EµB′ , (3.37a)
τµAδmµ
A = ∂Aσ
A − ǫABσBΩA + Λ ǫABmAB , (3.37b)
EµA′δmµ
A = ∂A′σ
A − ǫABσBΩA′ +Λ ǫABmA′B + ΛAA′ , (3.37c)
and
δΩµ = ∂µΛ , δΩµ
A′B′ = ∂µΛ
A′B′ + ΛC
′A′Ωµ
B′
C′ − ΛC′B′ΩµA′C′ , (3.37d)
δΩµ
AA′ = ∂µΛ
AA′ +Λ ǫABΩµ
BA′ − ǫABΛBA′Ωµ +ΛA′B′ΩµAB′ − ΛAB′ΩµA′B′ . (3.37e)
The most general expression for δmµ
A that obeys (3.37b) and (3.37c) is given by
δmµ
A = ∂µσ
A − ǫABσBΩµ + Λ ǫABmµB + ΛAA′EµA′ − τµBσAB . (3.38)
Here σAB is a traceless two-tensor (σAA = 0); it represents an ambiguity that stems from
the fact that the equations (3.37b) and (3.37c) do not determine all components of δmµ
A.
The parameters Λ , ΛA
′B′ and ΛAA
′
that appear in (3.37) and (3.38) are associated with the
longitudinal Lorentz transformation, transverse rotation and string-Galilean boost symme-
try. They parametrize infinitesimal transformations that together with those parametrized
by σA and σAB form a closed algebra. This algebra can be extended with longitudinal
14In [23] a closely related c → ∞ limit has been applied to derive gauge transformations in extended
string Newton-Cartan gravity by matching coefficients in front of cn , n ∈ Z on both sides of the equations.
It has been shown that these transformations agree with the ones derived from gauging the extended string
Newton-Cartan algebra. In this paper, however, we do not assume the additional information that different
orders in c have to match separately. This explains why we are only able to derive a smaller collection of
gauge transformations here.
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and transverse translations to form the string Newton-Cartan algebra, whose generators
we denote as follows:
longitudinal translations HA (3.39a)
transverse translations PA′ (3.39b)
longitudinal Lorentz rotation M (3.39c)
string-Galilean boosts GAA′ (3.39d)
transverse rotations JA′B′ (3.39e)
noncentral extensions ZA , ZAB with Z
A
A = 0 . (3.39f)
The algebra that we call the “string Bargmann algebra” (and that was called “string
Newton-Cartan algebra” in previous literature) corresponds to the subalgebra with ZAB
restricted to be antisymmetric, i.e. ZAB = −ZBA . The commutation relations of the
string Bargmann and string Newton-Cartan algebras are given in Appendices B and C. It
is interesting to note that the independent and dependent fields of string Newton-Cartan
geometry and the transformation rules appearing above when taking the limit of GR can
also be obtained by applying a gauging procedure to the string Newton-Cartan algebra.
This gauging is described in Appendix C. We can thus conclude that the spacetime sym-
metry algebra that underlies the above identified string Newton-Cartan geometry is the
string Newton-Cartan algebra.
4. Nonrelativistic String Theory in a String Newton-Cartan Background
After having discussed string Newton-Cartan geometry in the previous section, we will
now construct the nonrelativistic string action in a string Newton-Cartan background and
use this to discuss the formulation and properties of nonrelativistic string theory in curved
backgrounds. We will see that the string Newton-Cartan symmetries encountered in the
previous section, are symmetries of the nonrelativistic string action, that act on the back-
ground fields. We will also see that the background fields that occur in the nonrelativistic
string action are not uniquely determined but, instead, form equivalence classes. We will
then focus on two properties of nonrelativistic string theory. First, we discuss the quantum
consistency of nonrelativistic string theory defined on a string Newton-Cartan background
and present the equations of motion of the resulting string Newton-Cartan gravity. This
discussion corroborates the one of [24] where the quantum consistency conditions are de-
rived from a microscopic worldsheet point of view. Secondly, we discuss nonrelativistic
T-duality.
4.1. Nonrelativistic String Theory from Relativistic String Theory
Nonrelativistic string theory can be treated as a subtle limit of relativistic string theory,
which is essentially the same as the noncommutative open string (NCOS) limit but without
D-branes [4, 6]. In this section, we extend the previous analysis of nonrelativistic string
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theory in a curved background to the most general background geometry, as the result of
a singular limit of relativistic string theory.
Consider the relativistic string theory action, also known as the Polyakov action, in
the presence of a metric field Gˆµν , a Kalb-Ramond field Bˆµν and a dilaton Φˆ ,
Sˆ =
1
4πα′
∫
d2σ
[√
−hhαβ∂αxµ∂βxνGˆµν(x) + iǫαβ∂αxµ∂βxνBˆµν(x)
]
+
1
4π
∫
d2σ
√
−hR(2) Φˆ(x) , (4.1)
where α′ is the Ricci slope, σα are coordinates on the two-dimensional worldsheet, hαβ
is the worldsheet metric, R(2) is the Ricci scalar defined with respect to hαβ and x
µ(σ),
µ = 0, 1, · · · , d− 1 are worldsheet scalars that parametrize the spacetime coordinates. We
have performed a Wick rotation so that the worldsheet is Euclidean. The path integral
corresponding to the Polyakov action is given by
Zrel. =
∫
Dxµ
√
−Gˆ exp(−Sˆ ) =
∫
Dxµ exp(−SˆG ) , (4.2)
where Gˆ = det Gˆµν and
SˆG ≡ S − 1
8π
∫
d2σ
√
hR(2) ln
√
−Gˆ . (4.3)
Note that we used the hatted symbols to represent spacetime ingredients in relativistic
string theory. We take the following expansions with respect to large c :
Gˆµν = Eˆµ
AˆEˆν
Bˆη
AˆBˆ
, Bˆµν = Mˆµν +Bµν , Φˆ = Φ + ln c , (4.4)
where the expansions of Eˆµ
Aˆ and the zero flux two-form Mˆµν are defined in (3.12). It
follows that
Gˆµν = c
2τµν +
[
Hµν −
(
τµ
ACν
B + τν
ACµ
B
)
ηAB
]
+
1
c2
(
mµ
A − CµA
)(
mν
B − CνB
)
ηAB ,
Bˆµν = −c2τµAτνBǫAB +
[
Bµν +
(
τµ
ACν
B − τνACµB
)
ǫAB
]− 1
c2
Cµ
ACν
BǫAB , (4.5a)
Φˆ = Φ + ln c , (4.5b)
where
τµν = τµ
Aτν
BηAB , Hµν = Eµ
A′Eν
B′δA′B′ +
(
τµ
Amν
B + τν
Amµ
B
)
ηAB . (4.6)
Note that both τµν and Hµν are invariant under the string-Galilean boosts.
We would like to consider the c → ∞ limit in (4.1). Before considering this singular
limit, we first introduce a useful rewriting of relativistic string theory that facilitates the
limiting procedure. It is convenient to introduce the worldsheet Zweibein eα
a, a = 1, 2
such that
hαβ = eα
aeβ
bδab . (4.7)
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We also define
D ≡ i√
h
ǫαβeα∇β , D ≡ i√
h
ǫαβeα∇β , (4.8)
where ∇α is the covariant derivative that is compatible with hαβ . Moreover, we introduced
the (Euclideanized) light-cone coordinates for the flat index a on the worldsheet tangent
space,
eα = eα
1 + ieα
2 , eα = −eα1 + ieα2 . (4.9)
Then, the action (4.3) can be rewritten as
SˆG =
1
4πα′
∫
d2σ
√
h
{
DxµDxν(Gˆµν + Bˆµν)+ α′R(2) [Φˆ− 14 ln(−Gˆ)
]}
. (4.10)
We next define
τµ ≡ τµ0 + τµ1 , Cµ ≡ Cµ0 + Cµ1 , (4.11a)
τµ ≡ τµ0 − τµ1 , Cµ ≡ Cµ0 − Cµ1 . (4.11b)
Using the expansions defined in (4.5), we find that SˆG can be further rewritten as
SˆG =
1
4πα′
∫
d2σ
√
h
{
DxµDxν[Hµν(x) +Bµν(x)]+ α′R(2)[Φ− 14 ln(−c−4Gˆ)
]}
+
1
4πα′
∫
d2σ
√
h
{
λDxµτµ + λDxµτµ + c−2
(
λλ− λDxµCµ − λDxµCµ
)}
+
c−2
4πα′
∫
d2σ
√
hDxµDxν(mµAmνB −mµACνB − CµAmνB) ηAB , (4.12)
where we have introduced the Lagrange multiplier fields λ and λ. 15 We emphasize that,
until now, we have kept c as a finite constant and (4.12) is a direct rewriting of (4.10).
Therefore, (4.12) still describes relativistic string theory.
When taking the limit of the last term of the first line in the above action, we use
Sylvester’s determinant identity to show that
G ≡ − lim
c→∞
c−4 Gˆ ≡ − lim
c→∞
c−4
(d)
det
[
c2τµ
Aτν
BηAB +Hµν +O(c
−2)
]
= lim
c→∞
c−4
(d)
det
(
Hµν
) (2)
det
[
ηAB + c2τµ
AHµντν
B +O(c−2)
]
=
(d)
det
(
Hµν
) (2)
det
(
τρ
AHρστσ
B
)
, (4.13)
where Hµν is the inverse of Hµν . Note that G is independent of mµ
A . In the mµ
A → 0
limit, Hµν → ∞ and detHµν → 0 . However, G remains finite: this can be seen most
straightforwardly in the flat limit by taking
τµ
A → δAµ , EµA
′ → δA′µ , mµA → 0 , (4.14)
15Note that this rewriting can only be done after making the expansions (4.5) in the action. The Lagrange
multiplier terms cannot be added to the original Polyakov action of relativistic string theory.
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in which case we have G = 1 .
Finally, using the identity (4.13) and taking the limit c → ∞ in (4.12), we find that
nonrelativistic string theory in a curved background is described by the following nonrela-
tivistic string action:
SG =
1
4πα′
∫
d2σ
√
h
[
DxµDxν(Hµν +Bµν)+ λDxµτµ + λDxµτµ
]
+
1
4π
∫
d2σ
√
hR(2)
(
Φ− 14 lnG
)
. (4.15)
This string action in background fields also arises from turning on the appropriate vertex
operators in nonrelativistic string theory [24] in the flat spacetime (4.14).
4.2. Symmetries in Nonrelativistic String Theory
The nonrelativistic string action is invariant under the symmetries of the string Newton-
Cartan algebra, implemented as the transformations (3.37a) and (3.38) on the background
fields τµ
A, Eµ
A′ and mµ
A , 16 provided the following transformation rule is assigned to λ
and λ :
δλ = Λλ+ Dxµ [(∂µ − Ωµ)σ + τµ (σ00 + σ(01))] , (4.16a)
δλ = −Λλ+ Dxµ [(∂µ +Ωµ)σ + τµ (σ00 − σ(01))] , (4.16b)
and provided the curvature constraint Rµν
A(H) = 0 is imposed.
If we also allow the matter fields Bµν and Φ to transform (other than the U(1) gauge
symmetry of Bµν), then there are Stu¨ckelberg-type symmetries given by
17
λ→ C−1(λ−Dxµ Cµ) , τµ → C τµ , Hµν → Hµν − (CµAτνB + CνAτµB) ηAB , (4.17a)
λ→ C−1(λ−DxµCµ) , τµ → C τµ , Bµν → Bµν + (CµAτνB − CνAτµB) ǫAB , (4.17b)
and 18
Φ→ Φ+ 1
2
ln
(
C C
)
. (4.17c)
Expressing Hµν in terms of τµ
A , Eµ
A′ and mµ
A , one finds that mµ
A transforms as
mµ → C−1mµ , mµ → C−1mµ , (4.18)
16It was also noticed in [17] that the gauge transformation parametrized by σAB is preserved in non-
relativistic string theory in a curved background. We would like to thank Troels Harmark and Lorenzo
Menculini for pointing this out.
17Note that when C = 1/C , the Stu¨ckelberg symmetries leave the dilaton field invariant and overlaps with
the Lorentz rotation of the string Newton-Cartan algebra. There are also two cases where the Stu¨ckelberg
symmetries leave the Kalb-Ramond field invariant and overlap with one of the symmetries of the string
Newton-Cartan algebra. First, for zero torsion and if Cµ
A = Dµσ
A, the Stu¨ckelberg symmetries coincide,
up to a gauge transformation of the B-field, with the σA symmetry of the string Newton-Cartan algebra.
Second, if Cµ
A = σABτµ
B with σAA = 0, the Stu¨ckelberg symmetries coincide with the σ
AB symmetry of
the string Newton-Cartan algebra. See also [22].
18Note that the combination Φ− 1
4
lnG occurring in the Polyakov action (4.15) is invariant under these
Stu¨ckelberg symmetries.
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where mµ ≡ mµ0 +mµ1 and mµ ≡ mµ0 −mµ1 . Note that, as suggested by the use of the
same notation, the function Cµ
A in (4.17) is precisely the Cµ
A in (4.5). Furthermore, the
CC in (4.17) is taken to be c2 in (4.5).
As we have noted above, invariance of the action (4.15) requires that the curvature
constraint Rµν
A(H) = 0 is imposed, which by (B.8a) is equivalent to
∂[µτν]
A = ǫABΩ[µτν]
B . (4.19)
This constraint is necessary for invariance under the σA transformations. While d compo-
nents of (4.19) can be used to solve for Ωµ as in (B.8a), the remaining d(d−2) components
give rise to the geometric constraints as in (B.17). These geometric constraints can be
written in a compact form as
ǫC
(Aτ[µ
B)∂ντρ]
C = 0 . (4.20)
The condition (4.20) imposes nontrivial constraints on C and C that appear in the
transformations in (4.17). In terms of τµ and τµ, (4.20) becomes
τ[µ∂ντρ] = τ [µ∂ντρ] = τ [µ∂ντρ] − τ[µ∂ντρ] = 0 . (4.21)
Applying the transformation rules
τµ → C τµ , τµ → C τµ , (4.22)
and then require that (4.21) hold, we find that
τ[µτν∂ρ]
(
CC
)
= 0 , (4.23)
which in components gives
EµA′∂µ(CC) = 0 . (4.24)
4.3. Spacetime Equations of Motion
As the first application, we apply the c → ∞ limit to the one-loop beta-functions in
relativistic perturbative string theory. By setting the c→∞ limit of the relativistic beta-
functions to zero, we expect to derive the spacetime equations of motion in nonrelativistic
string theory. Recall the beta-functions in relativistic string theory [33],19
βGˆµν = α
′
(
Rˆµν + 2∇ˆµ∇ˆνΦˆ− 14HˆµρσHˆνρσ
)
+O(α′
2
) , (4.25a)
βBˆµν = α
′
(
−12∇ˆρHˆρµν + ∇ˆρΦˆ Hˆρµν
)
+O(α′
2
) , (4.25b)
βFˆ =
d− 26
6
− α′
(
∇ˆµ∇ˆµΦˆ + 14 Rˆ− ∇ˆµΦˆ ∇ˆµΦˆ− 148HˆµνλHˆµνλ
)
+O(α′
2
) , (4.25c)
where ∇ˆµ is the covariant derivative that is compatible with Gˆµν , with the Christoffel
symbol
Γˆρµν =
1
2
Gˆρσ
(
∂µGˆνσ + ∂νGˆµσ − ∂σGˆµν
)
. (4.26)
19The conventions used here follow the ones in [34], but in a different renormalization scheme [24].
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The (3,1) tensor Rˆρσµν is the Riemann tensor defined on the spacetime manifold M ,
Rˆµν ≡ Rˆρµρν is the associated Ricci tensor and Rˆ ≡ GˆµνRˆµν is the associated Ricci scalar.
The tensor Gˆµν denotes the inverse metric. Moreover,
Hˆµνρ ≡ ∂µBˆνρ + ∂ρBˆµν + ∂νBˆρµ , Fˆ ≡ Φˆ− 14 ln(−Gˆ) . (4.27)
The large c expansions of Γˆρµν and Rˆ
ρ
σµν were already derived in (3.30) and (3.32), re-
spectively, with
Γˆρµν = Γ
ρ
µν +O(c
−2) , Rˆρσµν(Γˆ) = R
ρ
σµν(Γ) +O(c
−2) , (4.28)
where Γρµν and R
ρ
σµν define the Christoffel symbol and the Riemann curvature tensor
in string Newton-Cartan geometry. The corresponding Ricci tensor is then defined by
Rµν = R
ρ
µρν(Γ) . We can write Γ
ρ
µν in (3.31) as
Γρµν =
1
2E
ρσ
(
∂µHσν + ∂νHσµ − ∂σHµν
)
+ 12N
ρσ
(
∂µτσν + ∂ντσµ − ∂στµν
)
+ EρA
′
τµ
Aτν
B
(
WABA′ + 2mA′(AB) − ηABmA′CC
)
, (4.29)
where
Eρσ ≡ EρA′EσA′ , Nρσ ≡ τρAτσA − 2E(ρA′τσ)AmλAEλA′ (4.30)
are both invariant under the string-Galilean boost transformations. This expression for the
Christoffel symbol is useful for deriving linearized equations of motion that are manifestly
invariant under the symmetry transformations (4.17) [24]. We emphasize that there does
not exist a non-degenerate spacetime metric and hence string Newton-Cartan geometry is
non-Riemannian. We also have the expansion
Hˆµνρ = Hµνρ +O(c−2) , Hµνρ = ∂µBνρ + ∂ρBµν + ∂νBρµ . (4.31)
It is then manifest that the expressions on the right hand side of (4.25) are all finite in the
c→∞ limit.
Next, plugging the expansions (4.5) into the left hand side of (4.25), we obtain
βGˆµν = c
2
[
τµ
Aβ(τ)ν
B + β(τ)µ
Aτν
B
]
ηAB
+ βHµν −
[
β(τ)µ
ACν
B + β(τ)ν
ACµ
B
]
ηAB +O(c
−2) , (4.32a)
βBˆµν = −c2
[
τµ
Aβ(τ)ν
B + β(τ)µ
Aτν
B
]
ǫAB
+ βBµν +
[
β(τ)µ
ACν
B − β(τ)νACµB
]
ǫAB +O(c
−2) , (4.32b)
βFˆ = βF +O(c−2) , F ≡ Φ− 1
4
lnG , (4.32c)
with G given by (4.13). Note that the right hand side of the equations in (4.25) are not
divergent in c . Therefore, plugging (4.32a) and (4.32b) into (4.25a) and (4.25b), in the
c→∞ limit, we obtain
τµAβ(τ)µ
B + τµBβ(τ)µ
A = EµA′β(τ)µ
A = O(c−2) . (4.33)
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Due to the undetermined O(c−2) contributions in (4.33), the c2 terms in (4.32) will con-
tribute at the order O(c0) . Using (4.32a) and (4.32b) to form combinations in which all
contributions from the c2 terms in (4.32) cancel, and then taking the c → ∞ limit, we
obtain,
EµA′E
ν
B′β
H
µν = α
′PA′B′ +O(α
′2) , (4.34a)
EµA′E
ν
B′β
B
µν = α
′QA′B′ +O(α
′2) , (4.34b)
τµAτ
ν
B
(
ηABβHµν − ǫABβBµν
)
= α′
(
ηABPAB − ǫABQAB
)
+O(α′
2
) , (4.34c)
τµBE
ν
A′
(
δBA β
H
µν + ǫA
BβBµν
)
= α′
(
PAA′ + ǫA
BQBA′
)
+O(α′
2
) , (4.34d)
where
Pµν ≡ Rµν + 2∇µ∇νΦ− 14HµA′B′HνA
′B′ , (4.35a)
Qµν ≡ −12∇A
′HA′µν +∇A′ΦHA′µν , (4.35b)
and ∇µ is defined with respect to the connection Γρµν in (4.29). Finally, taking the c→∞
limit in (4.32c), we obtain
βF =
d− 26
6
−α′(∇A′∇A′Φ+ 14RA′A′−∇A′Φ∇A′Φ− 148HA′B′C′HA′B′C′
)
+O(α′
2
) . (4.36)
Importantly, all Cµ
A dependences drop out after taking the c→∞ limit, and all the beta-
functions are invariant under the symmetry transformations in (4.17). This is demonstrated
explicitly in [24], where the beta-functions in nonrelativistic string theory are computed
by applying the worldsheet Weyl transformations to vertex operators. The worldsheet
treatment in [24] is intrinsic to nonrelativistic string theory without referring to the parent
relativistic string theory.
Setting the beta-functions in (4.34) and (4.36) to zero leads to the equations of motion
of string Newton-Cartan gravity coupled to the B-field and dilaton, namely, 20
PA′B′ = QA′B′ = η
ABPAB − ǫABQAB = PAA′ + ǫABQBA′ = 0 , (4.37a)
d− 26
6
= α′
(∇A′∇A′Φ+ 14RA′A′ −∇A′Φ∇A′Φ− 148HA′B′C′HA′B′C′
)
, (4.37b)
which are supplemented by the geometric constraints given in (4.20). These are consistent
with the results given in [24].
We note one last caveat. Recall that in §3.2 we found that the independent fields
consist of not only {τµA, EµA′ ,mµA} but also one more independent gauge field WABA′
that is part of the spin connection Ωµ
AA′ . ButWABA′ does not appear in the string action
(4.15) and hence should not show up in the beta-functions. However, as we have seen in
20In [19], the same limit applied to the Type IIB supergravity equations of motion has been considered,
but only for fixed C = C = 1 and Cµ
A = 1
2
mµ
A. As a result, the string Newton-Cartan equations of motion
considered in [19] do not respect the symmetries given in (4.17).
– 18 –
(3.31) and (3.34), Γρµν and Rµν both contain WABA′ dependences,
Γρµν ⊃ EρA′τµAτνBWABA′ , (4.38a)
Rµν(Γ) ⊃ τµAτνB
(
∂A′WAB
A′ − ΩA′A′B′WABB′ + 2ΩA′ ǫC (AWB)CA
′)
. (4.38b)
Plugging (4.38) into (4.34), and making use of the tracelessness condition WA
AA′ = 0 , it is
a straightforward calculation to show that, reassuringly, all WABA′ terms drop out in the
expressions (4.34).
4.4. Nonrelativistic T-Duality from String Theory
As a second application of the limiting procedure that we developed in this paper, we
consider the c→∞ limit of the Buscher rules describing the T-duality transformations of
relativistic string theory, and reproduce the longitudinal and transverse T-duality which
we derived from first principles at the level of nonrelativistic string theory in [10].
We start with the relativistic string theory action in (4.1) and assume that there is a
spatial Killing vector kµ in the target space. We introduce a coordinate system xµ = (y, xi)
adapted to kµ, such that kµ∂µ = ∂y . Then, the associated abelian isometry is represented
by a translation in the spatial direction y. Performing a T-duality transformation along
this y direction, we obtain the dual action
S˜ =
1
4πα′
∫
d2σ
[√
hhαβ∂αx
µ∂βx
νG˜µν(x) + iǫ
αβ∂αx
µ∂βx
νB˜µν(x)
]
+
1
4π
∫
d2σ
√
hR(2) Φ˜(x) , (4.39)
with the following Buscher rules [29, 30, 35]:
G˜yy =
1
Gˆyy
, Φ˜ = Φˆ− 1
2
ln Gˆyy , (4.40a)
G˜yi =
Bˆyi
Gˆyy
, B˜yi =
Gˆyi
Gˆyy
, (4.40b)
G˜ij = Gˆij +
BˆyiBˆyj − GˆyiGˆyj
Gˆyy
, B˜ij = Bˆij +
BˆyiGˆyj − BˆyjGˆyi
Gˆyy
, (4.40c)
where the indices i, j indicate the directions other than the y direction. In the following,
we consider the c → ∞ limit of the Buscher rules (4.40). We will discuss all three cases
studied in [10].
• Longitudinal spatial T-duality. One choice is to take the isometry direction y to be
the longitudinal spatial direction in string Newton-Cartan geometry. Then,
τy
0 = 0, τy
1 6= 0 , EyA′ = 0 → τy = −τ¯y 6= 0 . (4.41)
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Plugging the expansions in (4.5) into (4.40) and using (4.41), we obtain after taking the
limit c→∞:
G˜yy = 0 , Φ˜ = Φ− 1
2
ln τyy , (4.42a)
G˜yi =
τi
Aτy
BǫAB
τyy
, B˜yi =
τyi
τyy
, (4.42b)
G˜ij = Hij +
(
Byiτj
A +Byjτi
A
)
τy
BǫAB +Hyyτij −Hyiτyj −Hyjτyi
τyy
, (4.42c)
B˜ij = Bij +
Byiτyj −Byjτyi −
(
Hyyτi
Aτj
B −HyiτyAτjB +HyjτyAτiB
)
ǫAB
τyy
, (4.42d)
which is independent of the C, C and Cµ
A symmetry transformations (4.17) for C = C .
Note that, in general, C 6= C (4.17); however, since the boost symmetry is already fixed
by committing to a coordinate system adapted to the longitudinal isometry direction y,
we can only take C = C. The dual action is still (4.39), which describes relativistic string
theory with a lightlike isometry in spacetime. The above rules precisely reproduce the
Buscher rules for longitudinal T-duality transformations in nonrelativistic string theory
derived in [10]. Moreover, the T-dual of the general geometric constraints (4.20) implies
the following additional constraints on matter coupled GR:
∂[iG˜j]y = 0 , ∂[iB˜j]y = 0 . (4.43)
We summarize the above result in the following diagram:
nonrelativistic string theory
relativistic string theory
relativistic string theory
with a lightlike isometry
relativistic string theory
c→∞ limit G˜yy = 0
longitudinal spatial
T-duality
lightlike constraint
T-duality
In (4.42), a given Riemannian background with a lightlike isometry is mapped under
T-duality to a family of distinct string Newton-Cartan backgrounds, i.e. there exists an
infinite family of solutions of the set of variables, {Hµν , Bµν , τµA,Φ}, that satisfies (4.42)
for given G˜µν , B˜µν and Φ˜. This is due to the fact that the corresponding sigma model
action for strings on these string Newton-Cartan backgrounds are equivalent to each
other after taking into account the transformations in (4.17).
To prove that all solutions in (4.42) are related to each other by the transforma-
tions in (4.17), let us first perform the transformations (4.17) to any given solution
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{τµA,Hµν , Bµν ,Φ} to (4.42) by fixing {C = C ,Cy1 , CiA} to be {C ,Cy1 ,CiA} , with
C =
1
τy1
, Ci
0 ≡ 1
τy1
(
Byi − τi
0
2τy1
Hyy
)
+
τi
1
τy1
Cy
0 , (4.44a)
Cy
1 ≡ Hyy
2τy1
, Ci
1 ≡ 1
τy1
(
Hyi − τi
1
2τy1
Hyy
)
+
τi
0
τy1
Cy
0 . (4.44b)
Under the above transformations, we find that {τµA,Hµν , Bµν ,Φ} becomes
τAi → τ ′iA = C τiA , Hyµ → H ′yµ = 0 , (4.45a)
τy
0 = 0→ τ ′y0 = 0 , Byµ → B′yµ = 0 , (4.45b)
τy
1 → τ ′y1 = 1 , Hij → H ′ij = Hij − (CiAτjB + CjAτiB) ηAB , (4.45c)
Φ→ Φ′ = Φ+ log |C | , Bij → B′ij = Bij + (CiAτjB − CjAτiB) ǫAB . (4.45d)
Note that Cy
0 cannot be used to fix any more degrees of freedom. Furthermore, there
are in total d2 degrees of freedom in {G˜yi , G˜ij , B˜µν , Φ˜} and d(d+2) degrees of freedom
in {Hµν , Bµν , τy1 , τiA ,Φ} . Note that G˜yy = τy0 = 0 . The latter set of variables
contains 2d more degrees of freedom, which are fixed by the choice of {C ,Cy1 , CiA}
in (4.44). This shows that, for any given set of {Hµν , Bµν , τy1 , τiA ,Φ} that satisfies
the Buscher rules in (4.42), there exists a {C ,Cy1 ,CiA} transformation that relates
{Hµν , Bµν , τy1 , τiA ,Φ} to {H ′µν , B′µν , τ ′i1 ,Φ′} in (4.45). In terms of the background
fields {H ′µν , B′µν , τ ′i1 ,Φ′}, the T-duality rules (4.42) read
G˜yy = 0 , G˜yi = τ
′
i
0 , G˜ij = H
′
ij , (4.46a)
B˜yi = τ
′
i
1 , B˜ij = B
′
ij , Φ˜ = Φ
′ , (4.46b)
thus establishing a one-to-one duality map between nonrelativistic string theory with a
longitudinal spatial isometry and relativistic string theory with a lightlike isometry.
Finally, to write down all solutions of {Hµν , Bµν , τµA,Φ} to (4.42) in terms of the
relativistic data G˜µν , B˜µν and Φ˜ , one needs to first identify one special (but not unique)
solution. Then, transforming this special solution with respect to the rules in (4.17) with
C = C , we generate the family of all solutions to (4.42). A simple solution to (4.42) is
basically already given by (4.46), which we write explicitly below:
τ ′i
0 = G˜yi , τ
′
i
1 = B˜yi , τ
′
y
1 = 1 , τ ′y
0 = 0 , (4.47a)
H ′ij = G˜ij , B
′
ij = B˜ij . Φ
′ = Φ˜ , H ′yi = H
′
yy = B
′
yi = 0 . (4.47b)
Next, setting C = C in (4.17), we can use {H ′µν , B′µν , τ ′µA,Φ′} to generate any string
Newton-Cartan background {Hµν , Bµν , τµA,Φ} that corresponds to the same string the-
ory action, with
τµ
A = C τ ′µ
A , Hµν = H
′
µν −
(
Cµ
A τ ′ν
B + Cν
A τ ′µ
B
)
ηAB , (4.48a)
Φ = Φ′ + log |C| , Bµν = B′µν +
(
Cµ
A τ ′ν
B − CνA τ ′µB
)
ǫAB . (4.48b)
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Plugging (4.47) into (4.48), we arrive at the inverse Buscher rules,
τi
0 = C G˜yi , Φ = Φ˜ + log |C| , Hyi = Cy0G˜yi − Cy1B˜yi − Ci1 , (4.49a)
τi
1 = C B˜yi , Hyy = −2Cy1 , Byi = Cy0B˜yi − Cy1G˜yi − Ci0 , (4.49b)
τy
0 = 0 , Hij = G˜ij + Ci
0G˜yj + Cj
0G˜yi −Ci1B˜yj − Cj1B˜yi , (4.49c)
τy
1 = C , Bij = B˜ij + Ci
0B˜yj −Cj0B˜yi − Ci1G˜yj + Cj1G˜yi . (4.49d)
Each choice of {C ,CµA} generates an element of the equivalence class {Hµν , Bµν , τµA,Φ}
representing a solution to (4.42).
It is instructive to consider the simple case that one truncates the nonrelativistic
string background fields as follows:
τi
1 = mµ
1 = my
0 = Bµν = Φ = 0 , together with Cµ
A = 0 , C = 1 , (4.50)
which implies, together with the use of adapted coordinates, that
τy
0 = Ey
A′ = 0 and τy
1 = 1 . (4.51)
Via T-duality this leads to the following dual relativistic string background fields:
G˜yy = 0 , G˜yi = τi
0 , G˜ij = Hij = Ei
A′Ej
B′δA′B′ − τi0mj0 − τj0mi0 . (4.52)
This is precisely the “null reduction” of GR considered in [36, 37], where it was shown
that the Ricci flat condition R˜yµ = 0 implies the torsionlessness condition
∂[iτj]
0 = 0 . (4.53)
Here, R˜µν denotes the Ricci tensor with respective to the Lorentzian metric G˜µν . Given
the above truncations, the same geometric constraints can also be derived by perform-
ing a Kaluza-Klein reduction over the spatial direction y of the string Newton-Cartan
geometric constraints (4.20). This is related to the fact that, given the above trunca-
tions, a Kaluza-Klein reduction over the spatial isometry direction y of string Newton-
Cartan gravity leads to the same Newton-Cartan gravity theory that results from a
null-reduction of general relativity. We have not checked all the details but we expect
that the same remains true for the full theory in the absence of the above truncations.
The only difference is that in that case one ends up with a matter-coupled Newton-
Cartan gravity theory with non-zero torsion. From the GR point of view, the non-zero
torsion is due to the fact that one is now dealing with matter coupled GR supplemented
with the constraints in (4.43). From the string Newton-Cartan point of view, this is
related to the fact that the general Kaluza-Klein reduction of the geometric constraints
(4.20) is different in the absence of truncations.
• Longitudinal lightlike T-duality. Next, if we assume that the isometry direction y
is a lightlike direction in string Newton-Cartan geometry, then,
τy 6= 0 , τ¯y = 0 , EyA′ = 0 , (4.54)
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which in turn gives Gˆµν = 0 . In this case, in the c → ∞ limit, the relativistic Buscher
rules in (4.40) become singular. However, working at the level of nonrelativistic string
theory, one can still derive the appropriate nonrelativistic Buscher rules as in [10]. In
this case, nonrelativistic string theory on a string Newton-Cartan background is mapped
to nonrelativistic string theory on a T-dual string Newton-Cartan background with a
longitudinal lightlike isometry, which is summarized in the following diagram:
nonrelativistic string theory nonrelativistic string theory
longitudinal lightlike
T-duality
• Transverse spatial T-duality. Finally, we assume that the isometry direction y is a
transverse spatial direction in string Newton-Cartan geometry. Then,
τy
A = 0 , Ey
A′ 6= 0 → τy = τ¯y = 0, Hyy 6= 0 . (4.55)
Plugging the expansions (4.5) into (4.40) and using (4.55), we obtain in the large c
expansion
G˜yy =
1
Hyy
, Φ˜ = Φ + ln c− 1
2
lnHyy , (4.56a)
G˜yi =
Byi
Hyy
, B˜yi =
Hyi
Hyy
, (4.56b)
G˜ij = c
2τij +Hij −
(
τi
ACj
B + τj
ACi
B
)
ηAB +
ByiByj −HyiHyj
Hyy
, (4.56c)
B˜ij = −c2τiAτjBǫAB +Bij +
(
τi
ACj
B − τjACiB
)
ǫAB +
ByiHyj −ByjHyi
Hyy
. (4.56d)
We omitted all terms of order O(c−2) . Plugging the expressions (4.56) into the action
(4.39) and taking the c → ∞ limit in the way described in §4.1, we obtain the dual
action
S˜trans. =
1
4πα′
∫
d2σ
√
h
[
DxµDxν(H˜µν + B˜′µν)+ λDxµτµ + λDxµτµ + α′R(2) Φ˜
]
,
where
H˜yy =
1
Hyy
, Φ˜ = Φ− 1
2
logHyy , (4.57a)
H˜yi =
Byi
Hyy
, B˜′yi =
Hyi
Hyy
, (4.57b)
H˜ij = Hij +
ByiByj −HyiHyj
Hyy
, B˜′ij = Bij +
ByiHyj −ByjHyi
Hyy
. (4.57c)
Now, the dual action describes nonrelativistic string theory with a transverse isome-
try in spacetime. These precisely reproduce the Buscher rules for transverse T-duality
– 23 –
transformations in nonrelativistic string theory as derived in [10]. We summarize the
above result in the following diagram:
nonrelativistic string theory
relativistic string theory
nonrelativistic string theory
relativistic string theory
c→∞ limit c→∞ limit
transverse T-duality
T-duality
5. Conclusions
The purpose of this work was to present an in-depth study of nonrelativistic string theory in
a curved background from a spacetime point of view. The relevant geometry, replacing the
Riemannian geometry underlying the relativistic string, is string Newton-Cartan geometry.
One salient feature of string Newton-Cartan geometry is that it has a two-dimensional
foliation dividing spacetime into two directions longitudinal to the string and the remaining
spatial directions transverse to the string. The Polyakov-type action of the nonrelativistic
string in such a background was obtained by taking a special nonrelativistic limit of the
Polyakov action of relativistic string theory. A noteworthy feature of this limit was that,
after making a large c expansion but before taking the limit c → ∞ , a rewriting of the
action was required thereby introducing two Lagrange multiplier fields λ and λ. Here, we
found that the nonrelativistic string action is invariant under the string Newton-Cartan
algebra. This is a subalgebra of an infinite-dimensional algebra, that appears as a symmetry
algebra of the nonrelativistic string action in flat spacetime. The fact that the flat space
action has, unlike the relativistic case, an infinite set of symmetries is related to the fact
that there is a two-dimensional foliation structure attributed to the target space. It would
be interesting to further investigate the consequences of this infinite set of symmetries.
The Polyakov-type action of the nonrelativistic string can be taken as the action defin-
ing nonrelativistic string theory without the need to remember its relativistic origin. It
is the starting point of any investigation in nonrelativistic string theory. One may try
to apply many of the techniques that have been applied before in a relativistic context
to this nonrelativistic string theory as well. In this paper, we discussed two of them. We
investigated the inverse of the nonrelativistic T-duality rules derived in [10]. The definition
of these inverse T-duality rules is non-trivial due to the fact that there is an equivalence
relation between the string Newton-Cartan backgrounds plus the B-field and dilaton that
couple to the nonrelativistic string. This is of special relevance when considering the lon-
gitudinal spatial T-duality that maps a string Newton-Cartan background to a general
relativity background with a lightlike Killing direction. This relates nonrelativistic string
theory to a wide range of topics such as the Discrete Lightcone Quantization (DLCQ) of
relativistic string theory [28, 38, 39], nonrelativistic branes [40] and nonrelativistic super-
symmetry [41]. This result will be important when using T-duality as a solution generating
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technique. In particular, it would be interesting to see what precisely happens with the
T-duality between a string and wave solution in view of the fact that there are no waves
in the nonrelativistic case. Last but not least, we plan to investigate what happens if one
considers the longitudinal spatial T-duality in the presence of supersymmetry. Since the
lightlike Killing direction is a constraint of the geometry one should consider the super-
symmetry variations of this constraint and verify whether it leads to a finite number of
further constraints.
The other application we considered was the quantum consistency of the string Newton-
Cartan background. A detailed microscopic derivation from a worldsheet point of view of
the vanishing beta-functions of the background fields that determine the quantum con-
sistency, can be found in the companion paper [24]. In this paper, we considered the
nonrelativistic limit of the one-loop beta-functions in relativistic string theory, by setting
the resulting nonrelativistic beta-functions to zero we derive the same set of equations of
motion of string Newton-Cartan gravity coupled to the B-field and dilaton as in [24]. It
would be extremely interesting to find different solutions to these non-linear equations of
motion and investigate their behaviour under nonrelativistic T-duality. Finding a solution
with a non-trivial horizon could be a first step towards a nonrelativistic holography defined
by the nonrelativistic string theory considered in this work.
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Appendices
In these appendices, we will discuss the different symmetry algebras that appear in non-
relativistic string theory, as well as aspects of their gauging. In Appendix A, we will derive
the commutation relations of the infinite-dimensional algebra discussed in §2, which is the
symmetry algebra of the nonrelativistic string sigma model action in flat space. We will
furthermore identify the string Bargmann algebra and the string Newton-Cartan algebra as
finite-dimensional subalgebras of the infinite-dimensional algebra. Historically, the string
Bargmann algebra was first considered to be the symmetry algebra of nonrelativistic string
theory. Instead, as we saw in this paper, the relevant symmetry algebra is the slightly
larger string Newton-Cartan algebra [17]. In Appendix B, we will apply a formal gauging
procedure to the string Bargmann algebra. This leads to a version of string Newton-Cartan
geometry that is different from the geometry that arises from the nonrelativistic limit of GR
discussed in this paper. The kinematical structure of the latter geometry can be recovered
by gauging the string Newton-Cartan algebra. This will be done in Appendix C.
A. Symmetry Algebras in Nonrelativistic String Theory
A.1. Global Symmetries in Flat Spacetime
The nonrelativistic string sigma model action in flat space has symmetries (2.7), that
correspond to transverse rotations with parameter ΛA
′B′ as well as transformations that
are parametrized by functions f(X), f(X), gA
′
(X) and gA
′
(X). It is useful to define the
Taylor expansions of these functions as follows:
f(X) =
∞∑
n=−∞
fnX
n , gA
′
(X) =
∞∑
n=−∞
gA
′
n X
n , (A.1)
f(X) =
∞∑
n=−∞
fnX
n
, gA
′
(X) =
∞∑
n=−∞
gA
′
n X
n
. (A.2)
The fn , fn , g
A′
n , g
A′
n and Λ
A′B′ (n ∈ Z) then parametrize infinitesimal symmetry trans-
formations that span an infinite-dimensional Lie algebra.
In order to write down the commutation relations of this Lie algebra, we compute the
Noether charges corresponding to the transformations with parameters fn , fn , g
A′
n , g
A′
n
and ΛA
′B′ . These charges are found to be:
fn+1 : Mn =
∫
dσ1Xn+1π , (A.3a)
fn+1 : Mn =
∫
dσ1X
n+1
π , (A.3b)
gA
′
n+1 : G
A′
n =
∫
dσ1
(
Xn+1πA
′ − TxA′ ∂
∂σ1
Xn+1
)
, (A.3c)
gA
′
n+1 : G
A′
n =
∫
dσ1
(
X
n+1
πA
′
+ TxA
′ ∂
∂σ1
X
n+1
)
, (A.3d)
– 26 –
ΛA
′B′ : JA
′B′ =
∫
dσ1
(
xA
′
πB
′ − xB′πA′) , (A.3e)
where we defined the conjugate momenta of X , X and xA
′
as follows:
π ≡ 12 T λ , π ≡ −12 T λ , πA
′ ≡ T ∂x
A′
∂σ0
. (A.4)
Note that
GA
′
−1 = G
A′
−1 =
∫
dσ1πA
′
. (A.5)
Denoting equal-σ0 Poisson brackets by [ . , . ] so that
[X(σ0 , σ1), π(σ0 , σ˜1)] = δ(σ1 − σ˜1) , (A.6)
[X(σ0 , σ1) , π(σ0 , σ˜1)] = δ(σ1 − σ˜1) , (A.7)
[xA
′
(σ0 , σ1), πB
′
(σ0 , σ˜1)] = δ(σ1 − σ˜1) δA′B′ , (A.8)
these Noether charges are then found to have the following non-vanishing Poisson bracket
algebra (m,n ∈ Z ):
[Mm ,Mn] = (m− n)Mm+n , [Mm ,Mn] = (m− n)Mm+n , (A.9a)
[GA
′
n ,Mm] = (n+ 1)G
A′
m+n , [G
A′
n ,Mm] = (n+ 1)G
A′
m+n , (A.9b)
[GA
′
n , J
B′C′ ] = δA
′B′GC
′
n − δA
′C′GB
′
n , [G
A′
n , J
B′C′ ] = δA
′B′G
C′
n − δA
′C′G
B′
n , (A.9c)
and
[GA
′
m , G
B′
n ] = δ
A′B′ m− n
m+ n+ 2
Ym+n+2,0 , [Ym,n ,Mℓ] = mYm+ℓ,n , (A.9d)
[G
A′
m , G
B′
n ] = δ
A′B′ n−m
m+ n+ 2
Y0,m+n+2 , [Ym,n ,M ℓ] = nYm,n+ℓ , (A.9e)
[GA
′
m , G
B′
n ] = δ
A′B′Ym+1,n+1 , (A.9f)
In addition, the Poisson bracket between the JA′B′ is
[JA
′B′ , JC
′D′ ] = δB
′C′JA
′D′ − δA′C′JB′D′ + δA′D′JB′C′ − δB′D′JA′C′ . (A.9g)
The noncentral extensions that appear in (A.9) are explicitly given by:
Ym,n = −T
∫
dσ1 ∂σ1
(
XmX
n)
. (A.10)
For the Ym,n, the indices m, n are understood as integers that are not both zero. In partic-
ular, Y0,0 is understood to be zero, so that the above commutation relations are consistent
with the transverse translations PA
′
= GA
′
−1 = G
A′
−1 commuting among themselves. These
noncentral extensions Ym,n exist due to the fact that the Lagrangian associated with the
action Sflat in (2.1) is invariant with respect to the symmetries generated by G
A′
n and G
A′
n
up to nontrivial total derivative terms only. The above algebra contains two copies of the
Witt algebra and was first introduced as extended Galilean symmetries in [11] 21.
21Also see the recent work [42].
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A.2. The String Bargmann and Newton-Cartan Algebras as Subalgebras
One can identify a subalgebra of the infinite-dimensional algebra (A.9), associated with
symmetry transformations that act on the fields of the action (2.1) as follows:
δxA = ΞA − Λ ǫAB xB , (A.11a)
δxA
′
= ΞA
′− ΛA′B′ xB′ + ΛAA′xA , (A.11b)
δλA = −Λ ǫAB λB − ΛAA′ x˙A′− ǫAB ΛBA′ ∂σxA′ , (A.11c)
where
λ0 =
1
2
(
λ− λ) , λ1 = 1
2
(
λ+ λ
)
. (A.12)
Here, ΞA and ΞA
′
parametrize the longitudinal and transverse translations, respectively,
ΛAB ≡ ǫABΛ parametrizes the longitudinal Lorentz rotation, ΛA′B′ parametrizes the trans-
verse rotations and ΛAA
′
parametrizes the string-Galilean boosts. These transformations,
along with extra noncentral extensions, span a Lie algebra with the following generators
longitudinal translations HA (A.13a)
transverse translations PA′ (A.13b)
longitudinal Lorentz rotation M (A.13c)
string-Galilean boosts GAA′ (A.13d)
transverse rotations JA′B′ (A.13e)
noncentral extensions ZA and Z (A.13f)
and commutation relations
[HA,M ] = ǫA
BHB , [HA, GBA′ ] = ηABPA′ , (A.14a)
[PA′ , JB′C′ ] = δA′B′PC′ − δA′C′PB′ , [GAA′ ,M ] = ǫABGBA′ , (A.14b)
[GAA′ , JB′C′ ] = δA′B′GAC′ − δA′C′GAB′ , (A.14c)
[GAA′ , PB′ ] = δA′B′ZA , [ZA,M ] = ǫA
BZB , (A.14d)
[GAA′ , GBB′ ] = δA′B′ǫABZ , [HA, Z] = ǫA
BZB , (A.14e)
and
[JA′B′ , JC′D′ ] = δB′C′JA′D′ − δA′C′JB′D′ + δA′D′JB′C′ − δB′D′JA′C′ . (A.14f)
This algebra is called the string Newton-Cartan algebra and was introduced in [7, 9]. Its
embedding in the infinite-dimensional algebra (A.9) is given by the following identifications:
H0 =M−1 +M−1 , PA′ = G
A′
−1 = G
A′
−1 , (A.15a)
H1 =M−1 −M−1 , M =M0 −M0 , (A.15b)
G0A′ =
1
2
(
GA
′
0 +G
A′
0
)
, Z0 = −12 (Y0,1 − Y1,0) , (A.15c)
G1A′ =
1
2
(
G
A′
0 −GA
′
0
)
, Z1 = −12 (Y0,1 + Y1,0) , Z = 12 Y1,1 . (A.15d)
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The string Bargmann algebra can be extended to the string Newton-Cartan algebra
by replacing the generator Z by a different noncentral extension ZAB , that is a traceless
two-tensor: ZAA = 0. The commutation relations of this extended algebra are given by the
relations (A.14) of the string Bargmann algebra, with the last two commutation relations
in eqs. (A.14e) replaced by
[GAA′ , GBB′ ] = δA′B′Z[AB] , [HA, ZBC ] = 2ηACZB − ηBCZA , (A.16a)
[ZAB,M ] = ǫA
CZCB + ǫB
CZAC . (A.16b)
Note that the noncentral charge Z of the string Bargmann algebra corresponds to Z ≡
−12ǫABZAB in the string Newton-Cartan algebra. The latter algebra then contains two
extra noncentral charges with respect to the string Bargmann algebra. The embedding of
the string Newton-Cartan algebra in the infinite-dimensional algebra is then as in (A.15),
with the addition of the following identifications for the embedding of ZAB :
Z01 = −1
4
(Y2,0 + Y0,2) +
1
2
Y1,1 , Z10 = −1
4
(Y2,0 + Y0,2)− 1
2
Y1,1 ,
Z00 = Z11 =
1
2
(Y2,0 − Y0,2) . (A.17)
The string Newton-Cartan algebra appears as the local gauge symmetry algebra of nonrel-
ativistic string theory in arbitrary backgrounds.
Note that one can extend the string Newton-Cartan algebra by a generator D that
acts as a dilatation, such that the following extra commutation relations are satisfied:
[D ,HA] = HA , [GAA′ ,D] = GAA′ , [ZA ,D] = ZA , [ZAB ,D] = 2ZAB . (A.18)
This extended algebra is also a subalgebra of the nonrelativstic string algebra, where D can
be identified with M0 +M0 in the infinite-dimensional algebra. This dilatation appears
as a Stu¨ckelberg symmetry when formulating nonrelativistic string theory in arbitrary
backgrounds in a different set of field variables. This set of variables can be found in
Appendix C, which differs from the ones used in the bulk of the paper.
B. Gauging the String Bargmann Algebra
In [9], it was shown that gauging the string Bargmann algebra given in (A.14) leads to a
string Newton-Cartan geometry. In this appendix, we review and improve the discussion
of this gauging procedure of the string Bargmann algebra in d dimensions. This will
allow us to introduce ingredients in string Newton-Cartan geometry that are useful for
the bulk of this paper. At the same time, it will pave the way for the gauging of the
string Newton-Cartan algebra in Appendix C, that reproduces the string Newton-Cartan
geometry obtained from a limit of GR.
B.1. Transformation Rules and Curvatures
In the gauging procedure, one first introduces a Lie algebra valued gauge field Θµ that
associates to each of the generators listed in (A.13) a corresponding gauge field as follows:
Θµ = HAτµ
A + PA′Eµ
A′ +GAA′Ωµ
AA′ +MΩµ +
1
2
JA′B′Ωµ
A′B′ + ZAmµ
A + Znµ . (B.1)
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We will ignore both the longitudinal and transverse translations parametrized by ΞA and
ΞA
′
and instead declare that all gauge fields transform as covariant vectors under dif-
feomorphisms with parameter ξµ. Once the conventional constraints have been imposed,
see below, these diffeomorphisms then become equivalent to longitudinal and transverse
translations (together with other gauge transformations) with parameters ΞA = τµ
Aξµ and
ΞA
′
= Eµ
A′ξµ. The remaining gauge transformation parameters are collected in the Lie
algebra valued parameter Π with
Π = GAA′Λ
AA′ +MΛ +
1
2
JA′B′Λ
A′B′ + ZAσ
A + Zσ . (B.2)
Using the Lie brackets given in (A.14), the gauge transformation
δΘµ = ∂µΠ− [Θµ,Π] , (B.3)
then leads to the following transformation rules for the component gauge fields of Θµ:
δτµ
A = Λ ǫAB τµ
B , δEµ
A′ = −ΛAA′τµA + ΛA′B′EµB′ , (B.4a)
δmµ
A = ∂µσ
A − ǫABσBΩµ + Λ ǫABmµB + ΛAA′EµA′ + ǫABτµBσ , (B.4b)
and
δΩµ = ∂µΛ , δΩµ
A′B′ = ∂µΛ
A′B′ + ΛC
′A′Ωµ
B′
C′ − ΛC′B′ΩµA′C′ , (B.4c)
δΩµ
AA′ = ∂µΛ
AA′ + Λ ǫAB Ωµ
BA′ − ǫABΛBA′Ωµ + ΛA′B′ΩµAB′ − ΛAB′ΩµA′B′ , (B.4d)
δnµ = ∂µσ + ǫAB Λ
A
A′Ωµ
BA′ . (B.4e)
The Vielbeine τµ
A and Eµ
A′ are not invertible. One can nevertheless define projective
inverses τµA and E
µ
A′ via the following relations:
τµAτµ
B = δBA , τµ
AτνA + Eµ
A′EνA′ = δ
ν
µ , (B.5a)
Eµ
A′EµB′ = δ
A′
B′ , τ
µ
AEµ
A′ = EµA′τµ
A = 0 . (B.5b)
They transform as follows:
δτµA = Λ ǫA
BτµB + ΛA
B′EµB′ , δE
µ
A′ = ΛA′
B′EµB′ . (B.6)
The curvature two-form Fµν associated with Θµ is
Fµν = ∂µΘν − ∂νΘµ − [Θµ,Θν ]
= HARµν
A(H) + PA′Rµν
A′(P ) +GAA′Rµν
AA′(G) +MRµν(M)
+
1
2
JA′B′Rµν
A′B′(J) + ZARµν
A(Z) + ZRµν(Z) , (B.7)
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with the expressions for the curvature two-forms given by
Rµν
A(H) = 2
(
∂[µτν]
A + ǫABτ[µ
BΩν]
)
, (B.8a)
Rµν
A′(P ) = 2
(
∂[µEν]
A′ + E[µ
B′Ων]
A′
B′ − τ[µAΩν]AA
′)
, (B.8b)
Rµν
A(Z) = 2
(
∂[µmν]
A + ǫABm[µ
BΩν] + τ[µ
Bnν]ǫ
A
B + E[µ
A′Ων]
A
A′
)
, (B.8c)
Rµν(M) = 2∂[µΩν] , (B.8d)
Rµν
A′B′(J) = 2
(
∂[µΩν]
A′B′ +Ω[µ
A′C′Ων]
B′
C′
)
, (B.8e)
Rµν
AA′(G) = 2
(
∂[µΩν]
AA′ + ǫABΩ[µ
BA′Ων] +Ω[µ
AB′Ων]
A′
B′
)
, (B.8f)
Rµν(Z) = 2∂[µnν] − ǫAB Ω[µAA
′
Ων]
B
A′ . (B.8g)
B.2. Solving the Curvature Constraints
We next impose the curvature constraints:
Rµν
A(H) = Rµν
A′(P ) = Rµν
A(Z) = 0 . (B.9)
Note that the first condition, Rµν
A(H) = 0 , imposes an analogue of the hypersurface
orthogonality condition in ordinary torsionless or twistless torsional Newton-Cartan geom-
etry. Note the difference with the curvature constraints (3.22), (3.24) that appear in the
limit procedure of §3.2 where not all the components of RµνA(Z) are set to zero, as in
(B.9).
The transformations of Rµν
A(H) , Rµν
A′(P ) and Rµν
A(Z) can be read off from the
gauge transformations of the field strength Fµν defined in (B.7),
δFµν = −[Fµν ,Π] , (B.10)
which gives
δRµν
A(H) = Λ ǫAB Rµν
B(H) , (B.11a)
δRµν
A′(P ) = −ΛAA′RµνA(H) + ΛA′B′RµνB′(P ) , (B.11b)
δRµν
A(Z) = Λ ǫABRµν
B(Z) + ΛAA′Rµν
A′(P )
+ σ ǫABRµν
B(H)− ǫABσBRµν(M) . (B.11c)
In order to maintain the symmetries of the theory, one needs to make sure that the con-
straints (B.9) are preserved by all symmetries. Transforming the constraints (B.9) under
the symmetries (B.4), one finds
δRµν
A(H) = δRµν
A′(P ) = 0 , δRµν
A(Z) = −ǫABσBRµν(M) . (B.12)
One thus sees that only Rµν
A(H) = Rµν
A′(P ) = 0 but not Rµν
A(Z) = 0 are preserved by
the gauge transformation rules corresponding to the algebra (A.14). This can however be
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remedied by modifying the gauge transformation of nµ with extra σ
A dependent terms as
in
δnµ = ∂µσ + ǫAB Λ
A
A′ Ωµ
BA′ − 12
[
σAτνARµν(M) + τµ
AσBτνAτ
ρ
BRνρ(M)
]
. (B.13)
In order to show that this modified transformation indeed leads to δRµν
A(Z) = 0 , one
needs to use that
τ[µ
ARνρ](M) = 0 , (B.14)
which follows from the constraint Rµν
A(H) = 0 and its Bianchi identity. The reason that
the transformation rule of nµ is not anymore given by the gauge algebra, is that, due to
the constraint Rµν
A(Z) = 0 in (B.9), the gauge field nµ has become dependent. See also
the discussion below.
The curvature constraints (B.9) constitute both proper geometric constraints as well
as conventional constraints, i.e. constraints that can be viewed as algebraic equations that
determine some fields in terms of the others. In particular, as we will now show, most of
these constraints allow one to express the field nµ and the spin connections Ωµ , Ωµ
AA′
and Ωµ
A′B′ in terms of the remaining independent fields. Plugging the expressions for the
dependent spin connections and nµ into the constraints (B.9), one finds that most of these
are then identically satisfied, apart from a few that represent constraints on the geome-
try. This can be shown by considering different projections of (B.9) in the longitudinal
Lorentzian A directions and the transverse A′ directions. In order to do this, it is useful
to define
τµν
A ≡ ∂[µτν]A , EµνA
′ ≡ ∂[µEν]A
′
, mµν
A ≡ ∂[µmν]A + ǫABm[µBΩν] . (B.15)
By taking the (A,B) , (A,B′) and (A′, B′) components of equations (B.9), one obtains the
following equations for the components of Ωµ , Ωµ
A′B′ , Ωµ
AA′ and nµ :
ΩA = ǫ
BCτCBA , ΩA′ = ǫ
ABτA′AB , (B.16a)
Ω[AB]A′ = EBAA′ , Ω(AB)A′ = −2mA′(AB) , (B.16b)
Ω(A′B′)A = −2EA(A′B′) , Ω[A′B′]A = mB′A′A , (B.16c)
ΩAA′B′ = 2EA[B′A′] +mA′B′A , Ω[A′B′]C′ = EB′A′C′ , (B.16d)
nA = ǫ
BCmCBA , nA′ = ǫ
AB
(
mA′AB − 12EABA′
)
, (B.16e)
together with the geometric constraints
τA′(AB) = 0, τA′B′A = 0. (B.17)
Note that only Ω[A′B′]C′ and not Ω(A′B′)C′ appears in (B.16). The latter is determined by
Ω[A′B′]C′ via
Ω(A′B′)C′ = Ω[C′A′]B′ +Ω[C′B′]A′ . (B.18)
The equations (B.16) determine all components of Ωµ , Ωµ
A′B′ , Ωµ
AA′ and nµ. We have
collected in Table 1 all information regarding which components follow from which con-
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Total Ωµ Ω
A′B′
µ Ω
AA′
µ nµ Constraints
1
2d(d−1)(d+2) d 12d(d− 2)(d− 3) 2d(d− 2) d d(d− 2)
R
A
µν (H)
ΩA
0 0 0 0
d(d− 1)
2
ΩA′
0 0 0
τA′(AB) = 0
d− 2 3(d− 2)
0 0 0 0
τA′B′A = 0
(d− 2)(d − 3)
Rµν
A′(P )
0 0
Ω[AB]A′ 0 0
1
2d(d− 1)(d − 2)
d− 2
0
ΩAA′B′ Ω(A′B′)A 0 0
(d− 2)(d − 3) (d− 1)(d − 2)
0
Ω[A′B′]C′ 0 0 01
2(d− 2)2(d− 3)
R
A
µν (Z)
0 0 0
nA
0
d(d− 1)
2
0 0
Ω(AB)A′ nA′ 0
3(d − 2) d− 2
0 0
Ω[A′B′]A 0 0
(d− 2)(d − 3)
Table 1. This table shows how to solve for the dependent gauge fields Ωµ , Ωµ
A′B′ , Ωµ
AA′ and
nµ using the conventional constraints Rµν
A(H) = Rµν
A′(P ) = Rµν
A(Z) = 0 . The numbers in
the table count the components in various ingredients. The decompositions of the conventional
constraint equations are listed in eq. (B.16).
straints given in eq. (B.9). Explicitly, we find from (B.16) that
Ωµ = ǫ
AB
(
τµAB − 12τµCτABC
)
, (B.19a)
Ωµ
A′B′ = −2Eµ[A
′B′] + Eµ
C′EA
′B′
C′ + τµ
AmA
′B′
A , (B.19b)
Ωµ
AA′ = −EµAA
′
+ EµB′E
AA′B′ +mµ
A′A + τµBm
AA′B , (B.19c)
nµ = ǫ
AB
(
mµAB − 12τµCmABC − 12EµA
′
EABA′
)
. (B.19d)
Using (B.19) for the dependent gauge fields, together with the gauge transformations
of the independent fields τµ
A , Eµ
A′ and mµ
A given in (B.4), it is straightforward to show
that the transformations of the spin connections, namely, Ωµ , Ωµ
AA′ and Ωµ
A′B′ , match
the expressions in (B.4). The gauge transformation of nµ, however, gains extra Rµν(M)-
dependent terms
δnµ = ∂µσ + ǫAB Λ
A
A′ Ωµ
BA′ − 12
[
σARµA(M) + τµ
AσBRAB(M)
]
, (B.20)
which is precisely the transformation rule (B.13) constructed to ensure that the curvature
constraints are invariant under the gauge transformations with parameters σA.
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Gauging String Bargmann Algebra Limit of GR: c→∞
Curvature Constraints
R Aµν (H) = R
A′
µν (P ) = 0 R
A
µν (H) = R
A′
µν (P ) = 0
R Aµν (Z) = 0 RA′A
A(Z) = RA′B′
A(Z) = 0
Independent Fields
τµ
A Eµ
A′ mµ
A τµ
A Eµ
A′ mµ
A
—– WAB
A′
Dependent Fields
Ωµ Ωµ
A′B′ Ωµ
AA′ Ωµ Ωµ
A′B′ Ω˜µ
AA′
nµ —–
Table 2. This table summarizes the main differences between the geometry obtained by gauging
the string Newton-Cartan algebra and the one obtained in the nonrelativistic limit of GR. For the
definition of Ω˜, see eq. (3.25).
The gauging of the string Bargmann algebra thus leads to a version of string Newton-
Cartan geometry in which all spin connection fields are fully determined in terms of other
fields. This is different from the geometry obtained from the nonrelativistic limit of GR
discussed in §3. We have summarized the main differences between the results of this
Appendix on gauging the string Bargmann algebra and the c→∞ limit in §3 in Table 2.
C. Gauging the String Newton-Cartan Algebra
In §3.2, we found that the string Newton-Cartan geometry derived from the c → ∞ limit
of General Relativity (in the presence of an auxiliary two-form with zero curvature) is less
constrained than the one that we derived from gauging the string Bargmann algebra in
Appendix B. In particular, there are components WABA′ (defined in (3.26)) of the gauge
field of string-Galilean boosts that are independent in the limiting procedure but depend
on other fields in the gauging procedure. The discussion of §3.3 however indicates that
the symmetry algebra that underlies the string Newton-Cartan geometry obtained in the
c → ∞ limit of GR is not the string Bargmann algebra, but rather the string Newton-
Cartan algebra. One therefore expects that a gauging of the latter algebra is able to
reproduce the main features of string Newton-Cartan geometry as it arises from GR in a
nonrelativistic limit. In this Appendix, we show that this expectation is borne out and that
the gauging of the string Newton-Cartan algebra indeed leads to a string Newton-Cartan
geometry in which WABA′ appear as independent fields.
The gauging of the string Newton-Cartan algebra follows closely that of the string
Bargmann algebra given above in Appendix B. The main differences stem from the fact
that the commutation relations (A.14e) are now replaced by the ones of (A.16). The gauge
field nµ in (B.1) and the gauge parameter σ in (B.2) are now replaced by a gauge field
nµ
AB and a gauge parameter σAB , respectively, that obey nµ
A
A = 0 and σ
A
A = 0. The
gauge transformations of all gauge fields are then given by the rules of (B.4a), (B.4c) and
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# of components Ω˜ AA
′
µ n˜µ
AB
d(d− 1) (d− 2)2 3d− 4
R
A
µν (Z)
0
nA
AB
2
ΩAAA′ nA′
AB
d− 2 3(d− 2)
Ω[A′B′]A
0
(d− 2)(d− 3)
Table 3. This table shows how to solve the conventional constraint Rµν
A(Z) = 0 . The numbers in
the table denote the components of the various ingredients. The decompositions of the conventional
constraint equations are listed in eq. (C.6).
(B.4d), as well as the following gauge transformations of mµ
A and nµ
AB
δmµ
A = ∂µσ
A − ǫABσBΩµ + Λ ǫABmµB + ΛAA′EµA′ − τµBσAB , (C.1a)
δnµ
AB = ∂µσ
AB + 2ǫC
B
(
Ωµ σ
(AC) − Λnµ(AC)
)
+ 2Λ[AA′Ωµ
B]A′ . (C.1b)
that replace the rules derived in (B.4b) and (B.4e), respectively. The curvature two-forms
are given by the ones listed in (B.8), apart from the ones given (B.8c) and (B.8g), that are
now replaced by
Rµν
A(Z) = 2
(
∂[µmν]
A + ǫABm[µ
BΩν] − τ[µBnν]AB +E[µA
′
Ων]
A
A′
)
, (C.2a)
Rµν
AB(Z) = 2
(
∂[µnν]
AB + 2ǫC
BΩ[µnν]
(AC) − Ω[µ[A|A
′|Ων]
B]
A′
)
. (C.2b)
Note that Rµν
AB(Z) also contains a symmetric traceless part,
Rµν
(AB)(Z) = 2
(
∂[µnν]
(AB) + 2ǫC
BΩ[µnν]
(AC)
)
. (C.3)
After imposing the curvature constraints
R Aµν (H) = R
A′
µν (P ) = R
A
µν (Z) = 0 , (C.4)
and defining
ℓABC ≡ n(AB)C −
1
2
ηABn
D
DC , n˜µ
AB ≡ nµAB − τµCℓCAB , (C.5)
we find that one can solve the conventional constraints for all components in Ωµ, Ωµ
A′B′ ,
Ωµ
AA′ and nµ
AB in terms of the independent fields τµ
A, Eµ
A, mµ
A, WAB
A′ and ℓABC .
The solutions to the dependent fields Ωµ, Ωµ
A′B′ , Ω˜µ
AA′ (defined in (3.25)) and n˜µ
AB are
summarized in Table 1 except that the last few rows are now replaced by Table 3. The
explicit expressions for the different components listed in Table 3 are given by:
ΩAAA′ = −2mA′AA , Ω[A′B′]A = mB′A′A , nAAB = 2mBAA , (C.6a)
nA′AB = −WABA′ − 2
(
mA′BA − 12ηABmA′CC
)− EABA′ . (C.6b)
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As desired, now WABA′ appears as an independent gauge field, in terms of which Ωµ
AA′
can be written as
Ωµ
AA′ = −EµAA
′
+ EµB′E
AA′B′ +mµ
A′A + τµBm
AA′B
+ 2τµB
[
mA
′(AB) − 12ηABmA
′C
C
]
+ τµ
BWB
AA′ , (C.7)
which agrees with (3.27c).
Note that this gauging procedure of the string Newton-Cartan algebra does not only
lead to the same transformation rules for the independent fields τµ
A, Eµ
A′ and mµ
A, that
appeared in the limit of GR discussed in this paper. The gauging also reproduces the
expressions for the spin connections Ωµ, Ωµ
A′B′ and Ωµ
AA′ that were found in this limit.
In particular, the same components WABA′ of the string-Galilean boost connection are left
undetermined, while all other components and spin connections are determined in terms of
other fields by the same expressions that follow from the limit. In this sense, the gauging
of the string Newton-Cartan algebra can be viewed as an alternative way to construct the
string Newton-Cartan geometry coming from GR. Note however that, compared to the
limit, the gauging gives rise to an extra gauge field nµ
AB , that is only partially dependent
and that is absent in both the limits of the kinematics of GR and of the relativistic string
action.
In (A.18), we introduced an extension of the string Newton-Cartan algebra with a
dilatational generator D . In the gauging procedure, one assigns an extra gauge field Φµ
to this dilatational generator. First, we list some of the important modifications to the
transformation rules. Under the dilatational transformation parametrized by ΛD , we have
δDτµ
A = ΛD τµ
A , δDΦµ = ∂µΛD , δDmµ
A = −ΛDmµA . (C.8)
Under the ZA transformation, we have
δmµ
A = ∂µσ
A − ǫAB σBΩµ +ΦµσA . (C.9)
Second, the curvature two-tensors are also made dilatational covariant. For example, the
curvature constraint associated with HA now reads
Rµν
A(H) = 2
(
∂[µ +Φ[µ
)
τν]
A + ǫAB τ[µ
BΩν] . (C.10)
One can realize this extended algebra in the worldsheet action in terms of different
gauge fields τ ′µ
A , E′µ
A′ and m′µ
A than the ones used in (4.15) with
τ ′µ
A = e−Φ τµ
A , E′µ
A′ = Eµ
A′ , m′µ
A = eΦmµ
A , (C.11)
with τµ
A , Eµ
A′ and mµ
A the field variables used throughout the bulk of the paper. Then,
the string action (4.15) becomes
SG =
1
4πα′
∫
d2σ
√
h
[
DxµDxν(H ′µν +Bµν)+ λDxµτ ′µ eΦ + λDxµτ ′µ eΦ
]
+
1
4π
∫
d2σ
√
hR(2)
(−14 lnG′
)
, (C.12)
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where
H ′µν = E
′
µ
A′E′ν
A′ +
(
τ ′µ
Am′ν
B + τ ′ν
Am′µ
B
)
ηAB , (C.13a)
G′ =
(d)
det
(
H ′µν
) (2)
det
(
τ ′ρ
AH ′
ρσ
τ ′σ
B
)
. (C.13b)
In this basis, the ZA symmetry acts on m
′
µ
A as
δZAm
′
µ
A =
(
∂µ + ∂µΦ
)
σA − ǫAB Ω′µσB , (C.14)
provided the following transformation rule is assigned to λ and λ :
δZAλ = e
−ΦDxµ(∂µ − Ω′µ + ∂µΦ)σ , δZAλ = e−ΦDxµ(∂µ +Ω′µ + ∂µΦ)σ , (C.15)
and provided the curvature constraint
∂[µτ
′
ν]
A + ǫABτ
′
[µ
BΩ′ν] = −τ ′[µ∂ν]Φ . (C.16)
Note that (C.14) and (C.16) are natural from the gauging perspective, if one views the
primed fields as gauge fields of the string Newton-Cartan algebra extended by a dilatational
generator and applies the constraint
Rµν(D) ≡ 2∂[µΦν] = 0 , (C.17)
which can then be locally solved by Φµ = ∂µΦ. In that case, (C.14) coincides with (C.9)
and (C.16) coincides with (C.10).
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